The linear stability of the two-dimensional viscous incompressible growing wake of a circular cylinder is studied as an initial-value problem. By imposing arbitrary threedimensional vorticity perturbations, the initial-value problem is considered in order to study the early time transient as well as the long term asymptotic behaviour. The viscous perturbative equations are written in the vorticity formulation (Criminale & Drazin 1990 , 2000 and are Fourier transformed in the plane normal to the basic flow. A complex wavenumber in the streamwise direction and a real wavenumber in the spanwise direc- For disturbances aligned with the flow, if the longitudinal wavenumber is complex, the long-term behaviour is shown to be in excellent agreement with recent spatio-temporal multiscale modal analyses. But, when this wavenumber is real, the agreement becomes qualitative on the pulsation and degenerates on the temporal growth rate, which has the wrong sign.
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The linear stability of the two-dimensional viscous incompressible growing wake of a circular cylinder is studied as an initial-value problem. By imposing arbitrary threedimensional vorticity perturbations, the initial-value problem is considered in order to study the early time transient as well as the long term asymptotic behaviour. The viscous perturbative equations are written in the vorticity formulation (Criminale & Drazin 1990 , 2000 and are Fourier transformed in the plane normal to the basic flow. A complex wavenumber in the streamwise direction and a real wavenumber in the spanwise direction are introduced and a moving coordinate transform (uniform translation with the free stream speed) is adopted. The base flow is represented by the first order terms of an expansion solution in inverse powers of the longitudinal coordinate. This expansion was obtained by taking explicitly into account the lateral wake dynamics, that determines the wake spatial growth and the associated entrainment process. The longitudinal velocity
Introduction
The two-dimensional wake past a bluff body is an important prototypical free shear flow in fluid mechanics. For this reason its stability has been widely studied. Traditionally, investigations were focused on the classical linear stability analysis. The attention was based on normal mode analysis (e.g. Mattingly & Criminale 1972; Triantafyllou, Triantafyllou & Chryssostomidis 1986; Hultgren & Aggarwal 1987; Huerre & Monkewitz 1990) to determine whether or not a flow is asymptotically stable or unstable. However, the early time dynamics of the perturbation is also of interest. Recent shear flows studies have shown that instability can be due to transient growth of disturbances (see Butler & Farrell 1992;  Criminale & Drazin 1990; Criminale, Long & Zhu 1991) long before the growing exponential mode occurs. In principle, this kind of behaviour could cause perturbation amplitude that violates the assumption of linearity and promote rapid transition, phenomenon known as bypass transition.
The non self-adjoint operators describing the perturbation dynamics have mutually non-orthogonal eigenfunctions and this can cause algebraic growth for early time (see Sommerfeld 1949) . Moreover, in case of three-dimensional perturbations, a possible resonance between the Orr-Sommerfeld equation set of solutions and those of the Squire equation can occur and algebraic behaviour can arise (see Benney & Gustavsson 1981 ).
Many contributions, often directed to optimal initial conditions, have been made for early-period dynamics for fully bounded flows (e.g. Criminale et al. 1991; Criminale et al. 1997; Gustavsson 1991; Bergstrom 1993; Schmid & Henningson 1994) and partially bounded flows (Lasseigne et al. 1999; Hultgren & Gustavsson 1981; Criminale & Drazin 2000) . About free shear flows, the attention was first aimed to obtain closed-form solutions to the initial-value inviscid problem (Bun & Criminale 1994; Criminale, Jackson & Lasseigne 1995) by considering piecewise linear parallel basic flow profiles. Recently, this analysis was extended to continuous parallel basic flow profiles (Blossey, Criminale & Fisher 2007) .
The basic flow model that we use includes the wake transversal nonlinear and diffusive dynamics, which is responsible for the growth of the flow and the associated mass entrainment. We consider the first order terms of an analytical Navier-Stokes expansion (Belan & Tordella 2002; Tordella & Belan 2003 ), see §2.1. In particular, we consider the longitudinal component of such expansion solution. Here, we do not yet introduce a mo-tion decomposition in fast and slow (spatial and temporal) scales. The problem is thus parameterized on x 0 -the longitudinal coordinate -and on the Reynolds number Re.
In this work we adopt the alternative method to the use of the complete set of discrete and continuum eigenvalues to evaluate the general initial-value perturbative problem which was proposed by Criminale & Drazin (1990 , 2000 , Criminale et al. (1995) , Criminale et al. (1997) , Lasseigne et al. (1999) . In synthesis, a change of coordinate from a Cartesian to a moving frame is adopted (Criminale & Drazin 1990 ) and the variables in the plane normal to the basic flow are still Fourier transformed. Afterwards, the resulting partial differential equations in time and the variable of the mean flow variation are integrated directly by numerical means. This allows for completely arbitrary initial expansions by using known set of functions (e.g. Schauder basis in the L 2 space) and yields the complete dynamics -the early time transients and the asymptotic behaviour -for any disturbance. We introduce a complex wavenumber for the disturbance component aligned with the flow. In the context of the initial-value problem, this is an innovative feature adopted to extend the stability analysis according to what is usually done in the modal combined spatio-temporal framework. The perturbative equations are numerically solved by the method of lines. For the equations formulation and initial and boundary conditions, see §2.2, 2.3 and 2.4.
The perturbation evolution is examined for the base flow configurations corresponding to the Reynolds numbers of 35, 50, 100, for a set of longitudinal sections x 0 inside the intermediate region of the flow where the entrainment process is working (Tordella & Scarsoglio 2007 ) and obliquity angles, for different physical inputs linked to the shape function, and for a small set of imaginary parts of the longitudinal wavenumber centered about zero.
The perturbation normalized kinetic energy is the physical quantity measuring the tran-sient growth. To determine the temporal asymptotics an equivalent of the modal temporal growth rate is introduced to evaluate the eventual fate of the disturbance (see §3).
In the case of longitudinal disturbances, a comparison with recent spatio-temporal mul- relation at a given section of the wake. When the longitudinal wavenumber is taken as real, the agreement is observed to be good as far as the frequency is concerned, but not satisfactory on the ultimate temporal growth factor. However, when a complex longitudinal wavenumber is introduced, the agreement improves and becomes excellent both for the frequency and the temporal growth rate. Conclusions are given in ( §5).
The initial-value problem

Base flow
The base flow is considered viscous and incompressible. To describe the two-dimensional growing wake profile, a Navier-Stokes expansion solution for the two-dimensional steady bluff body wake (Tordella & Belan 2003; Belan & Tordella 2002 ) has been used. The
x coordinate is parallel to the free stream velocity, the y coordinate is normal. This approximated analytical Navier-Stokes solution incorporates the effects due to the full non linear convection and both the streamwise and transversal diffusion. The solution was obtained by matching an inner Navier-Stokes expansion in terms of the inverse of the longitudinal coordinate x (x −n/2 , n = 0, 1, 2, . . .) with an outer Navier-Stokes expansion in terms of the inverse of the distance from the body.
Here we take the first two orders (n = 0, 1) of the inner longitudinal component of the velocity field as a first approximation of the primary flow. In the present formulation the near-parallel hypothesis for the base flow, at a longitudinal position x = x 0 , is made.
The coordinate x 0 plays the role of parameter of the system together with the Reynolds number. The analytical expression for the profile of the longitudinal component is the following
where a is related to the drag coefficient (a = 1 4 (Re/π) 1/2 c D (Re)), C i are integration constants depending on the Reynolds number and 1 F 1 is the confluent hypergeometric function (Belan & Tordella 2002) . By changing x 0 values, the base flow profile (2.1) will locally approximate the behaviour of the actual wake generated by the body. The wake sections taken into account are in the interval 3D x o 50D, where D is the spatial scale of the wake. Base flow configurations corresponding to a Re of 35, 50, 100 are considered. In Figure 1 a representation of the wake profile at differing longitudinal stations is shown.
Linearized equations
By exciting the base flow with small arbitrary three-dimensional perturbations, the continuity and Navier-Stokes equations -describing the perturbed system -are then linearized with respect to small oscillations ∂ w ∂t
where ( u(x, y, z, t), v(x, y, z, t), w(x, y, z, t)) and p(x, y, z, t) are the perturbation velocity components and pressure respectively. The perturbations will then be Fourier decomposed in the plane x, z, where a complex wavenumber α along the x coordinate, as well as, a real wavenumber γ along the z coordinate is introduced. The independent spatial variables z and y are defined from −∞ to +∞, x from 0 to +∞. All physical quantities are normalized with respect to the free stream velocity, the spatial scale of the flow D and the density. By combining equations (2.3) to (2.5) to eliminate the pressure, the linearized equations describing the perturbation dynamics become
where ω y is the transversal component of the perturbation vorticity field. By introducing the quantity Γ, that is defined by
we now have three coupled equations (2.6), (2.7) and (2.8). Equations (2.6) and (2.7) are the Orr-Sommerfeld and Squire equations respectively, known from the classical linear stability analysis for three-dimensional disturbances and written using different dependent variables. From kinematics, the relation
physically links together the perturbation vorticity in the x and z directions ( ω x and ω z respectively) and the perturbation velocity field. By combining equations (2.6) and (2.8)
we obtain
which, together with (2.7) and (2.8), fully describes the perturbed system in terms of vorticity. This formulation is not that common in linear stability analysis, although the vorticity field is a very important variable for the dynamics of the system. For piecewise linear profiles it turned out to be useful in obtaining analytical solutions. For continuous profiles, the governing perturbative equations cannot be analytically solved in general, but may assume a reduced form in the free shear case (Blossey et al. 2007 ).
Moreover, from the equations (2.7), (2.8) and (2.10), it is clear that the interaction of the mean vorticity in z-direction (Ω z = −dU/dy) with the perturbation strain rates in x and z directions ( ∂e v ∂x and ∂e v ∂z respectively) proves to be the cause of any perturbation vorticity production.
Moving coordinates and Fourier transforms
A reduction of the perturbative equations is made by introducing a moving coordinate transform (Kelvin 1887; Orr 1907a,b) 
so that the three governing equations become now
The constant U 0 is chosen so that U 0 = U (y → ∞). As all physical quantities are non-dimensional, U 0 = 1. This transformation is analogous to the one introduced by Criminale & Drazin (1990) and then adopted to obtain analytical solutions to initialvalue problems for piecewise linear profiles (Criminale et al. 1995; Criminale & Drazin 2000; Bun & Criminale 1994) . The new coordinate system using (2.11) is moving with U 0 velocity so that there is no vorticity advection in the free stream, where U = U 0 . By moving from y = 0 to the free stream, the vorticity advection is decreasing and eventually vanishing for y → ∞. In the free stream the perturbative equations (2.13), (2.14) reduce to the heat conduction equations, as both base flow first and second derivatives tend to zero and U → U 0 , if y → ∞.
A two-dimensional Fourier decomposition in the ξ-z plane is performed for every dependent variable. The physical perturbation quantities ( v, Γ, ω y ) become (v,Γ,ω y ), wherê
indicates the Fourier transform of a general dependent variable in the α − γ phase space and in the remaining independent variables y and t. α is complex in general (α = α r +iα i ), while γ is real. In effect, the transformation in ξ can be thought of as a spatial Laplace transform. The governing partial differential equations are
where φ = tan −1 (γ/α r ) is the perturbation angle of obliquity with respect to the x-y physical plane, k = α 2 r + γ 2 is the polar wavenumber and α r = kcos(φ), γ = ksin(φ)
are the wavenumbers in ξ and z directions respectively. In Figure 2 the three-dimensional perturbative geometry scheme is shown.
The introduction, through the Fourier decomposition, of a complex wavenumber α in ξ-direction is an innovative feature of the present study, as it permits a combined spatiotemporal linear stability analysis that is a quite standard procedure for normal mode theory but is not that common for initial-value problems. Both transient behaviour and asymptotic fate of the disturbances will be interpreted considering the resulting influence of this new characteristic. 
Initial and boundary conditions
Perturbative equations (2.7), (2.8) and (2.10) are to be solved subject to appropriate initial and boundary conditions. As the governing equations are expressed in term of vorticity, arbitrary initial conditions are given for Γ and ω y in the physical coordinates x, y, z. Among all solutions, we seek those whose velocity field remains bounded in the free stream. Boundedness of perturbation velocity field implies that the perturbation kinetic energy is finite, since the boundedness is a sufficient condition to obtain the lateral exponential decay of the field (Criminale et al. 1995) .
The partial differential equations (2.16)-(2.18) are numerically solved by method of lines.
The spatial derivatives are centre differenced and the resulting system is then integrated in time by an adaptative multi-step method (variable order Adams-Bashforth-Moulton PECE solver).
We choose periodic and bounded initial conditions for the velocity field (û,v,ŵ), which also satisfy at infinity the uniformity boundary condition
Such initial conditions can be shaped in terms of set of functions in the L 2 Hilbert space.
We choosev
for the symmetric and the asymmetric perturbations, respectively. We recall that the trigonometrical system is a Schauder basis in each space L p [0, 1], for 1 < p < ∞. More specifically, the system (1, sin(n 0 y), cos(n 0 y), . . .), where n 0 = 1, 2, . . ., is a Schauder basis for the space of square-integrable periodic functions with period 2π. This means that any element of the space L 2 , where the dependent variables are defined, can be written as an infinite linear combination of the elements of the basis.
Parameter n 0 is the oscillatory parameter for the shape function, while y 0 is a parameter which controls the distribution of the perturbation along y (by moving away or coming nearer the perturbation maxima from the axis of the wake). It should be noticed that, by (2.16), the initialΓ is not zero at finite y.
The initial-value problem formulation we use is such that the three-dimensional vorticity field is immediately generated from the interaction of the initial three-dimensional perturbation field and the mean vorticity of the base flow. It can be verified that the eventual introduction of an initial transversal vorticity perturbationω y (0, y) = 0 does not substantially modify the results in the transient and long terms, thus we putω y (0, y) = 0.
Transient dynamics of the perturbations
The effects of various initial conditions and subsequent transient behaviour is one of the main aspects of the present study. The evolution of disturbances is characterized by the total kinetic energy
where phase space quantities have been substituted to quantities in the physical space.
By defining the perturbation kinetic energy density as
we can introduce the normalized amplification factor G(t) G(t; α, γ) = e(t; α, γ) e(t = 0; α, γ) (3.3) that can effectively measure the growth of a disturbance of wavenumbers (α, γ) at the time t, for a given initial condition at t = 0 (Criminale et al. 1997; Lasseigne et al. 1999 ).
The temporal growth rate r is defined as (a) presents a particular temporal evolution. After a maximum and a minimum of energy are reached, the perturbation is slowly amplifying and the transient can be considered extinguished only after hundreds time scales. In the symmetric case (b) the growth is immediate and monotone and the perturbation quickly reaches the asymptotic state (note that in part (b) of this figure a logarithmic scale was used on the ordinate). This particular configuration shows a behaviour that is generally observed in this analysis, that is, asymmetric conditions lead to transient evolutions that last longer than the corresponding symmetric ones. As a general comment, we can say that we never observed a long-term unstable behaviour for viscous transversal waves (φ = π/2). These waves, however, always show an initial transient growth. Unstable final behaviour for purely transversal waves was instead observed in inviscid stability analysis carried out with the present initial-value problem formulation (see Blossey et al. 2007) in the two-dimensional parallel jet and mixing layer.
An initial transient growth, followed by a non permanent decay, is instead never shown by two-dimensional waves. A two-dimensional perturbation is always growing faster, faster than oblique waves, when the other parameters are fixed.
Asymptotic behaviour and comparison with normal mode analysis
Computations to evaluate the long time asymptotics are made by integrating the equations forward in time beyond the transient (Criminale et al. 1997; Lasseigne et al. 1999 ) until the temporal growth rate r, defined in 3.4, asymptotes to a constant value (dr/dt < ǫ).
The angular frequency (pulsation) f of the perturbation is defined by considering the phase of the complex wave at a fixed transversal station (for example y = 1) ϕ(t; α, γ) = arg(v(y = 1, t; α, γ)) = tan −1 (v i (y = 1, t; α, γ) v r (y = 1, t; α, γ) ) (4.1) the imaginary part of the wavenumber α is put to zero. In part (a) it can be seen that, in this case, the temporal growth rate has the wrong sign, leading to absolute instability configurations (r > 0) for all the wavenumbers considered. In part (b) the frequency presents a qualitatively good behaviour, with a maximum inaccuracy of the order of the 50%.
Conclusions
The three-dimensional stability analysis of the intermediate asymptotics of the 2D viscous growing wake was considered as an initial-value problem. The vorticity formulation by Criminale & Drazin (1990 , 2000 was used. The perturbative equations are Fourier transformed in the plane normal to the growing basic flow, but, differently to what usually done, a complex wavenumber in the streamwise direction has been introduced. And, as noted, essentially a spatial Laplace transform in the streamwise direction is performed.
An important point in the study is the basic flow that is used. This is an approximation of an analytical representation of the wake past a circular cylinder, which is a Navier-Stokes matched asymptotic expansion solution that agrees well with the experimental findings in literature. Since the longitudinal component of this expansion is only considered, the initial-value problem we discuss is a near parallel analysis parameterized on the streamwise variable, which makes this study analogous to a zero order multiscale near-parallel Orr-Sommerfeld analysis. In this regard, the introduction of the imaginary part of the longitudinal wavenumber (the spatial growth) was done to explicitly include also in the structure of the perturbation, which otherwise would have been homogeneous in the x coordinate, a degree of freedom associated to the spatial evolution of the system.
We observed various transient scenarios in the region of the wake where the entrainment is present for Re 35, 50, 100. For example, initial damping followed by a fast growth for perturbations aligned with the basic flow, initial transient growths that smoothly level off and are followed either by an ultimate damping or by a slow amplification for oblique waves. The more important parameters affecting these scenarios are the angle of obliquity, the symmetry of the perturbation and the spatial growth rate. The number of oscillations in the shape function and the relevant cross-stream distribution were also examined. It is observed that their effect does not introduce new qualitative aspects, only a general faster deamplification is seen when the shape function oscillates a lot, and more intensively, outside the region where the basic flow takes place. The ultimate fate of the purely transversal viscous waves is stability where, contrary to this, a weak final growth is generally observed for inviscid transversal waves in 2D parallel jets and mixing layers studied with the same initial-value problem formulation.
For disturbances aligned with the flow, if the longitudinal wavenumber is complex, the asymptotic behaviour is shown to be in excellent agreement with the zero order results of recent spatio-temporal multiscale modal analyses. It should be noticed that this agreement is obtained not by using as initial condition the least unstable wave given by the Orr-Sommerfeld dispersion relation at any section of the wake, but arbitrary initial conditions in terms of elements of the trigonometrical Schauder basis for the L 2 space.
Furthermore, it is observed that when the streamwise wavenumber is real, the agreement is only qualitatively good on the pulsation and becomes unsatisfactory on the asymptotic temporal growth rate, which in fact takes the wrong sign.
